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any (Ag — leadingMonomial g “divs"™ leadingMonomial f) ys
then writeSTRef right ys

else writeSTRef right (monoize f : ys)
readSTRef right
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BAR syzyqy EED¥TE

TR

G: g19°°°9gs) giagjangG 4
§ SC{S; |1 <j<k<s} i S(G) DEIEKE

| LT(gy) | LCM(LT(g), LT(g) D2 S, Sy € S
| = S\ {S;} b S(G) DEE
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BAR syzyqy EED¥TE

TR

f Gi=5(g1, % +8;) giagjangG i
&g{SU‘1§j<kSS}:S(G)G)W_.:}-§

LT(gk) | LCM(LT(g), LT(g)) P2 S, Six € S
| = S\{S;} B SG) DEEK

NTEIDEDEHZ KIRICHSTES |
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X R R Buchberger * tX

D Aj] F=(f1,...,fg)

o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
G:i=alls p.= §
o FlE: B=g L33 FTR=EEDIRT :
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R hR Buchberger * X

d Aj] F=(f1,...,fg)

o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
Cri=alls .= §
o FlE: B=g ERBFTR=ZEDIRT .
1. (i,j) € B ZXRITER
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X R R Buchberger * tX

D Aj] F=(f1,...,fg)

o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
G:i=alls p.= §
o FlE: B=g L33 FTR=EEDIRT :

1. (i,j) € B ZXRITER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
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X R R Buchberger * tX

D Aj] F=(f1,...,fg)

o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
G:i=alls p.= §
o FlE: B=g L33 FTR=EEDIRT :

1. (i,j) € B ZXRITER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
1 ST =S A
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X B hR Buchberger * 24

@ AD L F =
o FHAE i B:={G )|l <i<j<s) (syzygyEED{xH)
Cri—glls t:— ¢
o FlE: B=@ £1BB5FXTRZEDIRT :
1. (i,j)) € B ZEEICTER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
LS SE "
2. 8L 03 5(E
t=t+1,,=5SG=GU {f;},B=BU{(i,nll <i<t-1}
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R hR Buchberger * X

d Aj] L (fl,...,fg)
o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
(ri=@lle .= ¢
o FlE: B=g E1BDXTRZEDIRY :
1. (i,j) € B ZXRITER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
LS SE "
2. S0 &5

t=t+1,,=5SG=GU {f;},B=BU{(i,nll <i<t-1}
3. B=B\{(,))}
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R hR Buchberger * X

d Aj] L (fl,...,fg)
o MIEAL :B:={(G, DIl <i<j<s} (syzyeyEEDEH)
(ri=@lle .= ¢
o FlE: B=g E1BDXTRZEDIRY :
1. (i,j) € B ZXRITER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
LS SE "
2. S0 &5

t=t+1,=SG=GU{f,},B=BU{(i,D|l <i<Lt—-1}
3. B=B\{(,))}
@ B/ :G
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X B hR Buchberger * 24

D Aj] F=(f1,...,fg)

o YIHAEL : B:={G, )l <i<j<s) (syzyey=EDER)
Gi=alls .= §
o FlE: B=@ £BB2FETRZEDIRT :
1. (i,j) € B ZXRITER
2. LCM(LT(f), LT(f)) # LT(f) LT(f) DD Test(f,,f, B) DMBRE S
LS SE
2. S #0125 (&

t=t+1,=SG=GU{f,},B=BU{(i,D|l <i<Lt—-1}
3. B=B\{(,))}
@ B/ :G

o 1BUTest(f,,f;, B) © 3k #1i,j [(i, k), (i,)) &€ B, LT(fy) | LCM(LT(f)), LT(f))]
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syzygyBuchberger ideal = runST $ do
bases < newSTRef { Entry LM(f) f | f « ideal }
pairs < newSTRef {(f, g) | (f, g) <« combinations ideal }

len <« newSTRef $ length ideal

whileM_ (not . null <$> readSTRef pairs) $ do
Just ((f, g), rest) « viewMin <$> readSTRef pairs

bases® «— readSTRef bases

b .= rest
let redundant =
any (A(Entry _ h) - h ¢ {f, g} A (all (¢ rest) [(f, h), (g, h)])

A LM(h) | LCM(LM(f), LM(g))) bases
when (LCM(LM(f), LM(g)) # LM(f) LM(g) A not redundant) $ do

len@ < readSTRef len
let s = S(f, g) "mod” map payload (toList bases0)
when (s # zero) $ do
pairs += { (q, s) | Entry _ g < gs }
bases %= insert (Entry LM(s) s)
len *x= 2
map payload . tolList <$> readSTRef bases
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o WMED= sT TFRICU

o {} CHIENTWBDIFEBELEEXF1—DDHD
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ESE0): 5

o WMED= sT TFRICU

o {} CHIENTWBDIFEBELEEXF1—DDHD

o RERMIC. BIDEZ I 2RIIFTLHEIEZAIBICINTH
< E&ELL

o EAEAEINTEIEDDRLSES

o HEREEZtRIBEZEBTEEITSTa2—ELTH-
TEWT, B EZIC toList TRIBICIENRNTWS
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Benchmark
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Benchmark

B simple [ prime [ syzygy

- grlex02
grlexO1
grevlex02
grevlexOl
| Os 0.375s 0.75s 1.125s 1.5s
lex03
grlex03 21eR0e
grevlex03 greviex04
Oms 22.5ms 45ms 67.5ms 90ms Ops 150ps 300ps 450ps 600ps
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Benchmark

B simple [ prime [ syzygy

- grlex02
grlexO1
grevlex02
grevlexOl
| Os 0.375s 0.75s 1.125s 1.5s
lex03
grlex03 21eR0e
grevlex03 greviexO4
Oms 22.5ms 45ms 67.5ms 90ms Ops 150ps 300ps 450ps 600ps
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B\ CRYTE & D HR

I prime . syzygy

it grilex02
grlexOl
grevlex02
reviexOl
’ Os 0.375s 0.75s 1.125s 1.5s
lex03
grilex04
grlex03
grevlex03 geviextg

Oms 2.5ms 5ms 7.5ms 10ms 58us 59.25us60.5Us61.75Us 63 s

13FE5H4H 1 EH



B\ CRYTE & D HR

I prime . syzygy
o grlex02
grlexOl
grevlex02
grevlexOl
Os 0.375s 0.75s 1.125s 1.5s
lex03
grlex03 grlexO4
grevlex03 greviex04
Oms 2.5ms 5ms 7.5ms 10ms 58us 59.25us60.5Us61.75Us 63 s

FNTHIEL |
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@ sugar strategy
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Buchberger D HHE

o HEDEM (i,)) ZRa7 LTWLIEZEFILE




Buchberger D HHE

o BEEDIEM (I,) ZRzT U TW I EZEIXE

o CHDIEFEDEVNAZE DT BEM? = selection
strategy
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Buchberger D HHE

o BEEDIEM (I,) ZRzT U TW I EZEIXE

o CHDIEFEDEVNAZE DT BEM? = selection
strategy

o Ea1—VURTo v ILREEAISEN TS
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@ normal strategy




selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD




selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD

o lex IRFF7R & REV RIS WIRR TIEERIR
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selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD

o lex IRFF7R & REV RIS WIRR TIEERIR

@ sugar strategy
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selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD

o lex IRFF7R & REV RIS WIRR TIEERIR

@ sugar strategy

o RBRIREFERILRED R/INDY) & 2R
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selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD

o lex IRFF7R & REV RIS WIRR TIEERIR

@ sugar strategy

o RBRIREFERILRED R/INDY) & 2R

o WINbHEXR—INAELESELHTHEKEAZER
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selection strategy

@ normal strategy

o FHEIED LCM NFBICTR/NCEZZHD

o lex IRFF7R & REV RIS WIRR TIEERIR

@ sugar strategy

o REBHZERIERED R/INDY) e S

o WINLRAEXR—(MMNHILSBESHTRIAZER

d COFHEERMTERUCELIRS....
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A RACREL

o AART, (BREERODEXRENEZEULWZIER) Z2EKTTET 51
T 7 ILDETE IS HRRERRI IC R LY

8 FNRHREHTCERTZETEXRELUTHSEET D EWLNDE 12—
DRAT4 JAMNFIENTWS

13FE5H4H 1 EH



A RACREL

o AART, (BREERODEXRENEZEULWZIER) Z2EKTTET 51
T 7 )L DETEIFFRERRIICIERL)

8 FNRHREHTCERTZETEXRELUTHSEET D EWLNDE 12—
DRAT4 JAMNFIENTWS

o BXRIEOB i xy+2x+ 3y’ +3 = xyz¥ 2z + y +37
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A RACREL

o AART, (BREERODEXRENEZEULWZIER) Z2EKTTET 51
T 7 )L DETEIFFRERRIICIERL)

8 FNRHREHTCERTZETEXRELUTHSEET D EWLNDE 12—
DRAT4 JAMNFIENTWS

o BXRIEOB i xy+2x+ 3y’ +3 = xyz¥ 2z + y +37

o BMEA . BonNftEENSERDBEHZHELTD
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A RACREL

o AART, (BREERODEXRENEZEULWZIER) Z2EKTTET 51
T 7 )L DETEIFFRERRIICIERL)

8 FNRHREHTCERTZETEXRELUTHSEET D EWLNDE 12—
DRAT4 JAMNFIENTWS

o BXRIEOB i xy+2x+ 3y’ +3 = xyz¥ 2z + y +37

o BMEA . BonNftEENSERDBEHZHELTD
Grobner EEICK S & LR S A4 L)
o BEXIELTELSNIITICX ULTH 5> —E Buchberger
HES I EICRDE (FNTHZHEEL B EEN
HD5 LW
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sugar strategy




sugar Sstrategy

® EE|C Buchberger Z5TE I 50N (i, j) ZE
IRI B ESLITIRENGEXREZTL. ZD

REEBEIINDED%EER
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sugar Sstrategy

® EE|C Buchberger Z5TE I 50N (i, j) ZE
IRI B ESLITIRENGEXREZTL. ZD

REEBEIINDED%EER

o ZDRMBHIERED T E% sugar & WS
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sugar

| SR (f.f) O sugar ERD& S ICEH Do |
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sugar

' ZIET (1, /) D sugar ZRD K SICTEDH B,

@Sf deg(f), Sy, = deg(f))

13FE5H4H 1 EH



sugar

' ZIET (1, /) D sugar ZRD K SICTEDH B,

@Sf deg(f), Sy, = deg(f))
@Sf glven T t DY E IR WANS Stf— deg(r) + Sf
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sugar

| ZIER (fi.f) @ sugar ZRD &L SICEH B

j @ Sy, = deg(fi), Sy, = deg(f))
| 05 given T ¢t BNEIERGS Sy = deg(r) + 5

8f=g+h OE. S, = max(S,,S)

13FE5H4H 1 EH



sugar

| ZIER (fi.f) @ sugar ZRD &L SICEH B

j @ Sy, = deg(fi), Sy, = deg(f))
| 051 given T ¢ BNBIERRS Sy = deg(t) + S;

8f=g+h OE. S, = max(S,,S)
o (fi.f) @ sugar (&, EICHE>TEELU 5-% |
i IHND sugar &9 B, ‘
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o BHDH AMEEICIESL

@ “selection strateqy = BLE DETE T E”

Ve

@ double sugar &LV =
CCO¥e e
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e
S

syzygyBuchbergerWithStrateqgy strategy ideal = runST $ do
let gens = zip [1..] ideal
bases « newSTRef { Entry LM(f) f | (_, f) « gens }

pairs < newSTRef { Entr calcWeight strate f 1) (f, g)
| ((i, f), (j, g)) < combinations ideal }

len < newSTRef $ length ideal
whileM_ (not . null <$> readSTRef pairs) $ do

Just (Entry _ (f, g), rest) « viewMin <$> readSTRef pairs
—— Hig

when (s # zero) $ do

pairs += { Entry (calcWeight strategy g s, j) (q, s)
| Entry _ q < qs | j « [len@ + 1 ..] }
bases %= insert (Entry LM(s) s)
len *= 2
map payload . tolList <$> readSTRef bases

S HEBINT ATEITTERLEX TCLE o L.

Lmlt
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Benchmark

syzygy B sugar




Benchmark

" syzygy B sugar

o grlex02
grlexOl
grevlex02
grevlexOl LR |
léms 17ms 18ms 19ms 20ms
lexO3 |
grlex03 grlexO4
grevlex03 greviex04
Oms 0.15ms 0.3ms 0.45ms 0.6ms 58us 58.1Us 58.2Us58.3us 58.4s
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Benchmark (GEXhR)

syzygy 2 sugar

I, = (35y* — 10xy* — 210y°z + 3x* + 30xz — 105z + 140yt — 21u,
5xy® — 140y°z — 3x%y + 45xyz — 420yz> + 210y*t — 25xt + 70zt + 126yu)
L={&x+y+z4+wxy+yz+zw+ wx,xyz + yzw + zwx + wxy, xyzw — 1)

L=""—x0—x—y,x8—2x9—1)
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Benchmark (GE3CHR)

. syzygy B sugar

grevlexOl lexOl m|
lex02 Oms 0.5ms 1ms 1.5ms 2ms

grevlex02 grevlex03 ”
Oms 10ms 20ms 30ms 40ms Oms 700ms1400ms2100m22800ms

I, = (35y* — 10xy* — 210y°z + 3x* + 30xz — 105z + 140yt — 21u,
5xy® — 140y°z — 3x%y + 45xyz — 420yz> + 210y*t — 25xt + 70zt + 126yu)
L={&x+y+z4+wxy+yz+ 2w+ wx,xyz + yzw + zwx + wxy, xyzw — 1)

L=""—x0—x—y,x8—2x9—1)
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—— | N—ary Monomial. IntMap contains degrees for each xi.
type Monomial (n :: Nat) = Vector Int n

—— | Monomial with monomial order.
newtype OrderedMonomial (ord :: %) n =

OrderedMonomial { getMonomial :: Monomial n }

deriving instance (Eg (Monomial n)) = Eq (OrderedMonomial ordering n)

type MonomialOrder = ¥n. Monomial n — Monomial n — Ordering

—— | Class to lookup ordering from its (type-level) name.
class IsOrder (ordering :: %) where

cmpMonomial :: Proxy ordering — MonomialOrder

—— | Class for Monomial orders.
class IsOrder name = IsMonomialOrder name where

13FE5H4H 1 EH



data Lex = Lex
data Revlex = Revlex
data Grevlex = Grevlex

lex :: MonomialOrder

lex Nil Nil = EQ

lex (x = xs) (y :— ys) = x compare y <> Xxs lex Vs
lex _ _ = error "cannot happen"

revliex :: Monomial n - Monomial n - Ordering

reviex (x :— xs) (y :—= ys) = xs ‘revlex ys <>y “compare X
reviex Nil Nil = EQ

revliex _ _ = error "cannot happen!"”

graded :: (Monomial n - Monomial n - Ordering) - (Monomial n - Monomial n -
Ordering)

graded cmp xs ys = comparing totalDegree Xxs ys <> cmp XS VS

instance IsOrder Grevlex where
cmpMonomial _ = graded revlex

instance IsOrder Revlex where
cmpMonomial _ = revlex
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@ UM UL. -fwarn-incomplete-pattern Zi5%E
95& T DINds R TS il
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cannot happen!
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@ UM UL. -fwarn-incomplete-pattern Zi5%E
95& T DINds R TS il

o TDI)\NY—2ZzEEL LB TS —-TlEHMINS
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cannot happen!

o BNV TEIESNhB/\Y—Y

@ UM UL. -fwarn-incomplete-pattern Zi5%E

95& T DN IR T S it

o TDI\NY—27=x=E

< o ilLE

o —CilEHNNS

@ 12Hh 5 wildcard pattern
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1 7 )7 )L hack

data Ideal r = vn. Ideal (Vector r n)

instance Eq r = Eq (Ideal r) where
(=) = (=) “on" generators

generators :: Ideal r — [r]

generators (Ideal is) = tolList is

addToIdeal :: r - Ideal r — Ideal r
addToIdeal i (Ideal is) = Ideal (i :- is)

toIdeal :: NoetherianRing r = [r] — Ideal r
toIdeal = foldr addToIdeal (Ideal Nil)
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1 7 )7 )L hack

data Ideal r = vn. Ideal (Vector r n)

instance Eq r = Eq (Ideal r) where
(=) = (=) “on" generators

generators :: Ideal r — [r]

generators (Ideal is) = tolList is

addToIdeal :: r - Ideal r — Ideal r
addToIdeal i (Ideal is) = Ideal (i :- is)

toIdeal :: NoetherianRing r = [r] — Ideal r
toIdeal = foldr addToIdeal (Ideal Nil)

o 1TV7IIEYURADN... TIERW I
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1 7 )7 )L hack

data Ideal r = vn. Ideal (Vector r n)

instance Eq r = Eq (Ideal r) where
(=) = (=) “on" generators

generators :: Ideal r — [r]
generators (Ideal is) = tolList is

addToIdeal :: r - Ideal r — Ideal r
addToIdeal i (Ideal is) = Ideal (i :- is)

toIdeal :: NoetherianRing r = [r] — Ideal r
toIdeal = foldr addToIdeal (Ideal Nil)
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data Monomorphic k = Va. Monomorphic (k a)

—— | A types which have the monomorphic representation.
class Monomorphicable k where
—— | Monomorphic representation

type MonomorphicRep k :: %

—— | Promote the monomorphic value to the polymophic one.

promote :: MonomorphicRep k — Monomorphic k

— | Demote the polymorphic value to the monomorphic representation.
demote :: Monomorphic k — MonomorphicRep k

—— | Convinience function to demote polymorphic types
—— into monomorphic one directly.

demote' :: Monomorphicable k = k a — MonomorphicRep k
demote' = demote o Monomorphic

—— | Demote polymorphic nested types directly into
—— monomorphic representation.
demoteComposed :: Monomorphicable (f :o: g)

= f (g a) — MonomorphicRep (f :0: @)
demoteComposed = demote o Monomorphic o Comp
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thEliminationIdeal :: ( IsMonomialOrder ord, Field k, IsPolynomial k m
, IsPolynomial k (m :—: n)
, (n<m) ~ True)

= SNat n
— Ideal (OrderedPolynomial k ord m)

— Ideal (OrderedPolynomial k ord (m e n))

thEliminationIdeal n =
case singInstance n of

SingInstance —

mapIdeal (changeOrderProxy Proxy) o
thEliminationIdealWith (weightedEliminationOrder n) n
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intersection :: V r k n ord.
( IsMonomialOrder ord, Field r, IsPolynomial r k, IsPolynomial r n
, IsPolynomial r (k & n)

)
= Vector (Ideal (OrderedPolynomial r ord n)) k

— Ideal (OrderedPolynomial r ord n)

intersection Nil = Ideal $ singletonV one
intersection idsv@(__ ) =
let sk = sLengthV 1dsv
sn = sing :: SNat n
ts = genVars (sk %+ sn)

tis = zipWith (A ideal t — mapIdeal ((t *) . shiftR sk) ideal)

(toList idsv) ts

j = foldr appendIdeal (principalldeal (one - foldr (+) zero ts)) tis
in case plusMinusEgR sn sk of

Eql — case propToBoolLeq (plusLeqlL sk sn) of
LeqTrueInstance — thEliminationIdeal sk j
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o D. Cox, J. Little and D. O'Shea. Ideals, Varieties
and Algorithms. UTM. Springer.
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